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Recently, the first Abel map for a stable curve of genus g ≥ 2 has been constructed. Fix an
integer d ≥ 1 and let C be a stable curve of compact type of genus g ≥ 2.We construct two
d-th Abel maps for C , having different targets, and we compare the fibers of the two maps.
As an application, we get a characterization of hyperelliptic stable curves of compact type
with two components via the second Abel map.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
1.1. Abel maps of singular curves
The subject of this paper is the completion of Abel maps for singular curves. If C is a smooth projective curve, the d-th
Abel map is the geometrically meaningful morphism
Cd −→ PicdC
(p1, . . . , pd) 7→ OC
(
d∑
i=1
pi
)
where Cd is the product of d copies of C and PicdC is the degree-d Picard variety of C . One can consider the problem of
defining an analogous map when C is singular, preserving a geometrical meaning. This problem has been considered by
several authors in the last three decades. It has been completely solved for integral curves in [1] and in degree one in [6]
and [7], but a general analysis is still missing. The purpose of this paper is to consider the special case of Abelmaps for curves
of compact type, i.e. nodal curves with only separating nodes. This assumption allows us to avoid several combinatorial
problems that naturally arise when one considers the general case.
The Abel map of a smooth curve has the remarkable property that its fibers are projectivized complete linear series (up
to the action of the d-th symmetric group). It turns out that an important motivation for studying Abel maps is the attempt
of giving a new definition of limit linear series on a nodal curve. In the case of curves of compact type, it would be interesting
to establish the relationship with the definition of limit linear series introduced in [9] or [12].
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1.2. The main result
Fix a nodal curve C over an algebraically closed field. Let γ be the number of irreducible components of C . Let f : C → B
be a smoothing of C , i.e. a family of curves such that C is smooth and B is smooth, one-dimensional, with a distinguished
point 0 ∈ B such that f −1(0) = C and f −1(b) is smooth if b 6= 0.
Fix an integer d ≥ 1 and let Jdf be the degree-d relative Jacobian of the family, parameterizing line bundles of degree d on
the fibers of f . Recall that in general Jdf can be constructed just as an algebraic space. Let C
d be the product of d copies of C
over B and consider the relative rational map
Cd
αdf
99K Jdf
(p1, . . . , pd) 7→ Of−1(f (p1))
(∑
1≤i≤d
pi
)
which is the relative d-th Abel map away from the fiber over the distinguished point 0 ∈ B. If C is of compact type, we will
construct a morphism
αdf : Cd −→ Jdf (1)
extending αdf . Let J
d
C be the degree-d Jacobian of C , parameterizing line bundles of degree d on C . The fact that α
d
f can be
constructed with Jdf as target implies the existence of a unique γ -tuple ed ∈ Zγ such that αdf |Cd factors through JedC ⊂ JdC ,
where JedC is the locus parameterizing line bundles on C whose degrees on the irreducible components are prescribed by
ed. The main result of this paper is to show that we can construct a canonical extension as in (1) such that the associated
γ -tuple ed has geometrically meaningful properties.
More precisely, for every γ -tuple a = (a1, . . . , aγ ) ∈ Qγ such that ai ≥ 0, for i = 1, . . . , γ , and a1 + · · · + aγ = 1, the
definition of a-semi-stable and a-stable torsion-free, rank-1 sheaves on C is introduced in [15]. These are sheaves satisfying
certain numerical conditions involving the numbers a1, . . . , aγ . An intermediate notion of stability is introduced in [8]
by means of X-quasistability, for every irreducible component X of C . There there is constructed a proper scheme Jd,XC
parameterizing X-quasistable rank-1 torsion-free sheaves of C of degree d. If L is a X-quasistable line bundle of C and if
dL is the γ -tuple whose entries are the degrees of L on the irreducible components of C , we say that dL is a X-quasistable
multidegree.
We sum up our main result in Theorem 1.1, relating extensions of Abel maps for smoothing of curves of compact type
and X-quasistable multidegrees.
Theorem 1.1. Fix integers g ≥ 2 and d ≥ 1. Let f : C → B be a smoothing of a stable curve C of compact type of genus g. Then
there exist a distinguished component Xpr of C, a Xpr -quasistable multidegree ed and a morphism
αdf : Cd −→ Jdf
as in (1) such that the following properties hold:
(i) αdf |Cd does not depend on the choice of f , and factors through the immersion JedC ↪→ JdC ;
(ii) if Sd(C) is the d-th symmetric product of C, then αdf |Cd factors via a morphism βdC : Sd(C) → JedC which does not depend on
the choice of f .
Wepoint out that the determination of the component Xpr and the Xpr -quasistablemultidegree ed is effective, as is rather
clear from the proof of Lemma 2.2, and from the iterative procedure yielding Definition 3.2.
Property (i) of Theorem 1.1 allows us to consider another d-th Abel map for C whose target is the compactification of the
universal Picard variety constructed in [3]. In Proposition 3.9, we will see that the set-theoretic fibers of the two Abel maps
are equal. Recall that the same phenomenon takes place for the first Abelmaps of a stable curve (see [6] and [7]). However, in
Remark 3.10, wewill produce an example, hinting that it should not hold for higher Abelmaps of curves not of compact type.
As an application of Theorem 1.1 (ii), we give the following characterization of hyperelliptic curves of compact type with
two components.
Proposition 1.2. Fix an integer g ≥ 2, and let C be a stable curve of compact type of genus g with two components. Then C is
hyperelliptic if and only if there exists a fiber of themorphismβ2C consisting of two smooth rational curves intersecting at one point.
We plan to investigate whether a similar characterization could be given for hyperelliptic curves withmany components
or for trigonal curves.
1.3. Notation and terminology
A curve is a connected, projective and reduced scheme of dimension 1 over an algebraically closed field k. If C is a curve,
then gC := 1−χ(OC ) is the genus of C andωC is its dualizing sheaf.Wewill always consider curves with nodal singularities.
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A subcurve of C is a union of irreducible components of C . If Y is a proper subcurve of C , we let Y ′ := C − Y and call it the
complementary subcurve of Y . We denote kY := #(Y ∩ Y ′). A subcurve Y of C is said to be a tail of C if kY = 1. In this case,
the intersection Y ∩ Y ′ consists of a single node n and we say that n is a separating node of C . We remark that a separating
node defines two tails Y and Y ′ on C such that Y ∩ Y ′ = {n}.
A stable curve C is a nodal curve such that every smooth rational subcurve of C meets the rest of the curve in at least three
points. A curve C is said to be of compact type if its only singularities are separating nodes. A curveW is obtained by blowing
up a curve C at a subsetΣ of its nodes, if there is a morphism pi : W → C such that, for every p ∈ Σ , we have pi−1(p) ' P1
and pi : W − ∪p∈Σpi−1(p)→ C −Σ is an isomorphism.
A family of curves is a proper and flat morphism f : C → B whose fibers are curves. If b ∈ B, we denote Cb := f −1(b). A
smoothing of a curve C is a family f : C → B, where C is smooth and B is a smooth curve with a distinguished point 0 ∈ B
such that Cb is smooth for b 6= 0 and C0 = C .
If f : C → B is a family of curves C , we denote by Cd the product of d copies of C over B and by Sd(C) the d-th symmetric
product of C over B, i.e. the quotient of Cd by the action of the d-th symmetric group.
Let I be a coherent sheaf on a curve C . We say that I is torsion-free if its associated points are generic points of C . We say
that I is of rank 1 if I is invertible on a dense open subset of C . We say that I is simple if End(I) = k. Each line bundle on C is
torsion-free of rank 1 and simple. If I is torsion-free of rank 1, we call deg(I) := χ(I)− χ(OC ) the degree of I .
2. Technical background
2.1. Jacobians of singular curves
If not otherwise specified, in this section C will be a nodal curve with irreducible components X1, . . . , Xγ . Let JdC be the
degree-d Jacobian of C , a scheme parameterizing line bundles of degree d on C (we will recall how JdC is defined and why it
is a scheme later in this section). We have the following decomposition of JdC :
JdC = ∪d=(d1,...,dγ )
d1+···+dγ=d
JdC , (2)
where JdC is a connected component of J
d
C parameterizing line bundles L such that deg(L|Xi) = di for i = 1, . . . , γ . If C is of
compact type, then for each d = (d1, . . . , dγ ), we have an isomorphism:
JdC
∼−→ Jd1X1 × · · · × J
dγ
Xγ
L 7→ (L|X1 , . . . , L|Xγ ).
(3)
Let d = (d1, . . . , dγ ) ∈ Zd. If L ∈ JdC , we say that L has multidegree d and that d1 + · · · + dγ is the total degree of L. For
each subcurve Y of C , set
dY :=
∑
Xi⊆Y
di.
Fix an integer d. A polarization on C is a vector bundle E on C of rank r > 0 and relative degree r(gC − 1 − d). We will
denote by Ed the (canonical) polarization on C:
Ed =
{
ω
⊗(gC−1−d)
C ⊕ O⊕(2gC−3)C d 6= gC − 1
OC d = gC − 1. (4)
Let L be a line bundle on C with multidegree d. We say that L, or d, is (canonically) semistable if, for every non-empty,
proper subcurve Y ( C , we have
χ(L|Y ) ≥ − deg Ed|Yrank(Ed) .
Moreover, if X is any component of C , we say that L, or d, is (canonically) X-quasistable if it is semistable and
χ(L|Y ) > − deg Ed|Yrank(Ed) ,
whenever Y ⊇ X . It is not difficult to prove that a degree-d line bundle L on C is semistable with respect to Ed if and only if,
for every non-empty, proper subcurve Y ( C ,∣∣∣∣deg L|Y − d2g − 2 degωC |Y
∣∣∣∣ ≤ kY2 . (5)
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Moreover, L is X-quasistable with respect to Ed if and only if (5) is satisfied and
deg L|Y − d2g − 2 degωC |Y > −
kY
2
, (6)
whenever Y ⊇ X (see [13, Lemma 3.1]. If the condition (5) (respectively (6)) is satisfied for a degree-d line bundle L on C
of multidegree d and a subcurve Y of C (respectively a subcurve Y of C such that X ⊆ Y ), we say that L, or d, is semistable
(respectively X-quasistable) at Y . It is easy to see that d is semistable at Y if and only if it is semistable at Y ′. We define
subschemes of JdC by
Jd,ssC = ∪d is semistable
d1+···+dγ=d
JdC and J
d,X
C = ∪d is X-quasistable
d1+···+dγ=d
JdC .
Let f : C → B be a family of nodal curves. Let Spl∗C/B denote the contravariant functor from the category of locally
Noetherian B-schemes to sets, defined on a B-scheme T by
Spl∗C/B(T ) := {simple, torsion-free, rank-1 sheaves on C ×B T/T }/ ∼
where I1 ∼ I2 if there is a line bundle M on T such that I1 ' I2 ⊗ p∗M , for p : C ×B T → T the projection. Let SplC/B be
the étale sheaf associated to Spl∗C/B. By [1, Theorem 7.4], the functor SplC/B is represented by an algebraic space Jf , locally of
finite type over B. Let (PicC/B)∗ be the open subfunctor of Spl∗C/B defined on a B-scheme T as the set of equivalence classes
of line bundles on C ×B T/T . Then the étale sheaf PicC/B associated to (PicC/B)∗ is represented by an open subspace Jf of
Jf called the relative Jacobian of f . For every integer d, we can consider the subspace Jdf of Jf parameterizing simple, torsion-
free, rank-1, degree-d sheaves onC/B and the subspace Jdf of J
d
f parameterizing degree-d line bundlesC/B. If C is a curve and
fC : C → Spec(k) is the structure morphism, then JdfC is the degree-d Jacobian JdC introduced at the beginning of this section.
Let us focus our attention on Jdf , which is indeed the only Jacobian that we will need in what follows. Assume that there
are sections σ1, . . . , σn : B→ C of f such that
(i) σi factors through the B-smooth locus of C for i = 1, . . . , n;
(ii) for every b ∈ B, every irreducible component of Cb contains σi(b) for some i = 1, . . . , n.
Under these assumptions, [8, Theorem B] implies that Jdf is a B-scheme, and using [2, Theorem 1.6], one can show that
(PicC/B)∗ and PicC/B are isomorphic functors. Hence, in this case, Jdf is a fine moduli scheme.
For every nodal curve C , the structure morphism fC : C → Spec(k) admits sections satisfying (i) and (ii). Thus JdC is a
fine moduli scheme. Also, Jd,ssC is a fine moduli scheme for the subfunctor of PicC/Spec(k) defined on a k-scheme T as the set
of semistable degree-d line bundles on C × T/T . More generally, it is true that JfC is a fine moduli scheme for the functor
SplC/Spec(k) (see [7, Section 2.4]).
As shown in [8, Lemma 18], for every family of nodal curves f : C → B, there exists an étale morphism B′ → B such that,
if we consider the pull-back family
Y := C ×B B′ f
′−→ B′,
then f ′ admits sections satisfying (i) and (ii). Then Jdf ′ is a fine moduli scheme and in particular there exists a universal line
bundle over Jdf ′ ×B′ Y.
Now, assume that f : C → B is a smoothing of a stable curve C . For every integer d ≥ 1, let Cd be the product of d copies
of C over B. Consider the relative rational map
Cd
αdf
99K Jdf
(p1, . . . , pd) 7→ Of−1(f (p1))
(
d∑
i=1
pi
)
,
which is the relative d-th Abel map away from the fiber over the distinguished point 0 ∈ B. In general, line bundles do not
necessarily degenerate to line bundles. Hence, if we want to extend the definition of αdf over 0 ∈ B, we have to replace
the target of αdf with a larger space. But in [11], Kleiman observed that line bundles do degenerate to torsion-free, rank-1
sheaves. To get a completion of αdf , it is enough to replace J
d
f with J
d
f , or with some B-proper subspace of J
d
f . In fact, it may
happen that Jdf is not B-proper; nevertheless, J
d
f always admits a B-proper subspace, as stated in [8, Theorem A]. As we will
see, if C is of compact type, then it is possible to maintain Jdf as a target of a completion of α
d
f .
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2.2. The first Abel map
In [6] and [7], the authors constructed the first Abelmap for a smoothing of a stable curve.More precisely, fix a smoothing
f : C → B of a stable curve C . For our purposes, we may assume that C is of compact type. Let J1f be the degree-1 relative
Jacobian of f . Then there exists a morphism
α1f : C −→ J1f (7)
extending the relative first Abel map of the family of smooth curves f |f−1(B−0). We will recall the definition of α1f |C in (9).
For every g ≥ 2, let Mg be the moduli space of Deligne–Mumford stable curves of genus g . If C is a stable curve, [C]
will denote the point of Mg parameterizing C . If g is even, let ∆g/2 be the divisor of Mg which is the closure of the locus
parameterizing curves C = X1 ∪ X2 such that gX1 = gX2 = g/2 and #(X1 ∩ X2) = 1.
Definition 2.1. An irreducible component X of C is central (respectively semicentral) if gZ < gC/2 (respectively gZ ≤ gC/2)
for every connected component Z of X ′.
Lemma 2.2. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g. Let MC (respectively NC ) be the number of
central (respectively semicentral) components of C. Then the following properties hold:
(i) MC = 1 if and only if [C] /∈ ∆g/2;
(ii) MC = 0 if and only if [C] ∈ ∆g/2;
(iii) if MC = 0, then NC = 2 and the intersection of the two semicentral components is non-empty.
Proof. First of all, notice that [C] ∈ ∆g/2 if and only if there exists a node which is the intersection of two tails of C of genus
g/2.
First step. We claim thatMC ≤ 1. Indeed, suppose that X1 and X2 are central components. Let Z1 and Z2 be the connected
components of X ′1 and X
′
2 containing respectively X2 and X1. Then gZi < g/2 for i = 1, 2, because X1 and X2 are central. Set
Y1 := Z1 ∩ Z2 and Y2 := X ′1 − Z1. Since C is of compact type, we have Z2 = Y1 ∪ Y2 ∪ X1. In particular, if p is a point of C with
p /∈ Z1, then p ∈ X1 ∪ Y2 ⊆ Z2. Hence C = Z1 ∪ Z2. Since the genus of a curve of compact type is the sum of the genus of its
irreducible components, we have g ≤ gZ1 + gZ2 < g , yielding a contradiction.
Second step. For any irreducible component X of C , we define an irreducible component Y (X) of C and a connected
component Z(X) of X ′ as follows. If X is central, set Y (X) := X , and we let Z(X) be any connected component of X ′. If X
is not central, we claim that there exists exactly one connected component Z(X) of X ′ such that gZ(X) ≥ g/2. Indeed, this is
clear if gX > 0. If gX = 0, then X ′ has at least three connected components of genus at least 1, because C is stable; hence
there exists a unique connected component Z(X) of X ′ with gZ(X) ≥ g/2. Denote by Y (X) the irreducible component of Z(X)
intersecting X . Notice that Y (X) = X if and only if X is central.
Third step. We claim that if X and Y (X) are not central, and if [C] /∈ ∆g/2, then
Z(Y (X)) ⊆ Z(X)− Y (X). (8)
Indeed, assume that X is not central. Now, Z(X)′ is a connected component of Y (X)′. Since gZ(X) ≥ g/2 and [C] /∈ ∆g/2,
we have gZ(X)′ < g/2. Recall that, since Y (X) is not central, Z(Y (X)) is the connected component of Y (X)′ such that
gZ(Y (X)) ≥ g/2. Then Z(Y (X)) 6= Z(X)′, and Z(Y (X)) ⊆ Z(X)− Y (X).
Fourth step.We show (i) and (ii). First of all, we prove that, if [C] /∈ ∆g/2, thenMC ≥ 1. LetX1 be any irreducible component
of C . Set X2 = Y (X1) and by induction Xi = Y (Xi−1) for every i > 2. If Xr is central, for some positive integer r , then we are
done. Otherwise, Xr 6= Xr+1 for every r ≥ 1 and by (8), we get an infinite chain of subcurves:
· · · ( Z(Xr) ( · · · ( Z(X2) ( Z(X1),
yielding a contradiction. ThenMC ≥ 1 and henceMC = 1 by the first step.
Conversely, we prove that, if MC = 1, then [C] /∈ ∆g/2. Let X be the central component. Then every node of C is the
intersection of two tailsW1 andW2 such thatW1 ⊆ X ′ and X ⊆ W2. Thus gW1 < g/2, and [C] /∈ ∆g/2.
Of course, the first step and (i) imply (ii).
Fifth step. We show (iii). LetMC = 0, i.e. [C] ∈ ∆g/2. First of all, we show that NC ≥ 2. Since [C] ∈ ∆g/2, there exist tails
Z1 and Z2 of genus g/2 intersecting in a node. Assume that X1 and X2 are the irreducible components such that X1 ⊆ Z1,
X2 ⊆ Z2, X1 ∩ X2 6= ∅. Then X1 and X2 are semicentral components intersecting in a node.
We show that NC ≤ 2. Indeed let X1, X2, Z1, Z2 be as in the first part of the fifth step, i.e. X1 and X2 are semicentral
components such that X1 ∩ X2 6= ∅ and Z1 and Z2 are tails such that X1 ⊆ Z1, X2 ⊆ Z2. Suppose that X3 is a third semicentral
component. Notice that Z1 ∪ Z2 = C , so we can assume without loss of generality that X3 ⊆ Z1. Let Z3 be the connected
component of X ′3 containing X1. By construction, X1 ∪ Z2 ⊆ Z3; hence gZ3 ≥ gZ2 = g/2. Thus gZ3 = g/2 because X3 is
semicentral. In particular, if we set Y := Z3 − Z2, we have that Y is non-empty, because X1 ⊆ Y , and gY = 0. Notice that the
unique irreducible components of Y ′ intersecting Y are X2 and X3; hence kY = 2. This is a contradiction because, C being
stable, we have kY ≥ 3 for every non-empty subcurve Y ( C such that gY = 0. 
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Definition 2.3. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g . If [C] /∈ ∆ g
2
, let Xpr be the central
component of C . If [C] ∈ ∆ g
2
, let Xpr be one of the two semicentral components of C . We will keep this choice throughout
the paper. We call Xpr a principal component of C . A tail Z of C is small if at least one of the following conditions is satisfied:
(1) gZ < gC/2;
(2) gZ = gC/2 and Z ′ ⊇ Xpr .
Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g . Let Xpr be a principal component of C and
f : C → B a smoothing of C . We recall now some properties of the first Abel map (7). We define for each q ∈ C a line bundle
Nq on C as follows. If q is a smooth point of C , then Nq := OC (q). If q is a node of C , let Z be the small tail attached to q.
Using the isomorphism (3), there exists a unique line bundleNq on C such thatNq|Z = OZ (q) andNq|Z ′ = OZ ′ . According to
[7, (5.2.2.)], the morphism α1f |C sends each q ∈ C toNq ⊗ OC
 ∑
Z small tail
q∈Z
Z
 |C )
 ∈ J1C . (9)
As explained in [7, Theorem 5.4], the morphism α1f |C factors through the immersion J1,ssC ↪→ J1C .
Proposition 2.4. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g. Let Xpr be a principal component of C.
Let e1 be the multidegree such that (e1)Xpr = 1 and (e1)X = 0 for every irreducible component X ⊆ C such that X 6= Xpr . Then
the following properties hold:
(i) J1,X
pr
C = Je1C ;
(ii)α1f |C factors through the immersion Je1C ↪→ J1,ssC and does not depend on the choice of f .
Proof. We claim that, if d is an Xpr -quasistablemultidegree of total degree 1, then d = e1. We show this claim in three steps.
First step. We show that, if Z is a tail of C , then dZ = 1 if Z contains Xpr , and dZ = 0 otherwise. It suffices to show that
dY = 0 for each tail Y of C such that Xpr 6⊆ Y . If Y is such a tail, then there exists a connected componentW of (Xpr)′ such
that Y ⊂ W , and hence gY ≤ gW ≤ g/2. Since kY = 1, from (5) and (6) with d = 1, we have
−1
2
≤ dY − deg(ωC |Y )2g − 2 <
1
2
.
Since gY ≤ g/2, we get
0 ≤ deg(ωC |Y )
2g − 2 =
2gY − 1
2g − 2 ≤
1
2
.
So−1/2 ≤ dY < 1, and hence dY = 0.
Second step. We show that dXpr = 1. Let Z1, . . . , Zn be the connected components of (Xpr)′. By the first step, we have
dZi = 0 for every i = 1 . . . , n, and hence
dXpr = 1−
n∑
i=1
dZi = 1.
Third step. We show that, if d is a Xpr -quasistable multidegree of total degree 1, then d = e1. By the second step, we are
done if we show that dX = 0 for every irreducible component X of C such that X 6= Xpr . Indeed, let X be any such component.
Set C0 := C . For every j ≥ 1, define inductively Cj := Cj−1 − Yj, where Yj is the union of the irreducible components of Cj−1
which are tails of Cj−1 distinct from Xpr . Notice that Cj is a curve of compact type; if Cj 6= Xpr , then there exist at least two
irreducible components of Cj which are tails of Cj. In this way, if Cj 6= Xpr , then Yj 6= ∅ and Cj+1 ( Cj. Since C has a finite
number of components, there exists an integer r ≥ 0 such that X is a tail of Cr . Then there are irreducible components
X1, . . . Xn of C contained in Y1∪Y2∪· · ·∪Yr such that X ∪X1∪· · ·∪Xn is a tail of C not containing Xpr and X1∪X2∪· · ·∪Xn
is a union of tails of C not containing Xpr . By the first step, dX∪X1∪···∪Xn = dX1∪X2···∪Xn = 0, and hence
dX = dX∪X1∪···∪Xn − dX1∪X2···∪Xn = 0.
In this way, we have shown the initial claim.
By [7, Theorem 5.5], for every irreducible component Y ⊂ C not contained in any small tail, we have that α1f |C factors
through the immersion J1,YC ↪→ J1,ssC . By definition, Xpr is not contained in any small tail of C; hence α1f |C factors through
the immersion J1,X
pr
C ↪→ J1,ssC . This implies that J1,X
pr
C 6= ∅. By the initial claim we have J1,X
pr
C = Je1C . Furthermore, by
[4, Corollary 4.3], we have that α1f |C does not depend on the choice of f , and we are done. 
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3. Abel maps for curves of compact type
3.1. The construction of the d-th Abel map
In this section we will construct the Abel map for a smoothing of a stable curve of compact type.
Definition 3.1. Let C be a stable curve of compact type with γ components. Fix a multidegree d = (d1, . . . , dγ ) of total
degree d. We say that a tail Z of C is a d-big tail if
dZ · deg(ωC )− d · deg(ωC |Z ) < 2gZ − gC .
Notice that, if d = (0, 0, . . . , 0), then the notion of a d-big tail coincides with the notion of a big tail in [6]. For each non-
empty subcurve X ⊆ C and for each multidegree d, define
Td(X) := {Z ⊂ C : Z is a d-big tail of C and Z + X}.
Let f : C → B be a smoothing of a stable curve C of compact type. For each d ≥ 1, let Bd → B be an étale morphism such
that, if we consider the pull-back family
Yd := C ×Bd B
fd−→ Bd,
then J1fd and J
d
fd
are schemes and there exists a universal line bundleL1 (respectivelyLd) on J1fd×BdYd (respectively Jdfd×BdYd).
We have a natural étale morphism Jdfd → Jdf . For each multidegree d of total degree d, consider the line bundle on J1fd ×Bd Yd:
Td := p∗1OC
 −∑
Z∈Td(Xpr )
Z
 , (10)
where p1 : J1fd ×Bd Yd → Yd → C is the composition of the second projection and the base change morphism, and Xpr is a
principal component of C . Let
p2 : Jdfd ×Bd J1fd ×Bd Yd −→ Jdfd ×Bd Yd
p3 : Jdfd ×Bd J1fd ×Bd Yd −→ J1fd ×Bd Yd
be the projections and consider the composition
θ
d
fd
: Jdfd ×Bd J1fd −→ Jd+1fd −→ Jd+1f ,
where the first morphism is induced by p∗2(Ld)⊗ p∗3(L1)⊗ p∗3(Td). Set
U := Jdfd ×Bd J1fd and V := Jdf ×B J1f .
Let q1 : U ×V U → U and q2 : U ×V U → U be the two projections. Notice that Td is the pull-back of a line bundle on C.
Then θdfd ◦ q1 = θ
d
fd
◦ q2. Since U is étale over V , by the flat descent there exists a morphism
V = Jdf ×B J1f
θ
d
f−→ Jd+1f
such that θdfd factors via θ
d
f . Define α
2
f as the composition
α2f : C2
α1f ×α1f−→ J1f ×B J1f
θ
e1
f−→ J2f ,
where e1 is the multidegree defined in Proposition 2.4.
By decomposition (2), there exists a uniquemultidegree e2 of total degree 2 such thatα
2
f |C2 factors through the immersion
Je2C ↪→ J2C . This allows us to define
α3f : C3
α2f ×α1f−→ J2f ×B J1f
θ
e2
f−→ J3f .
Arguing as before, α3f |C3 factors through the immersion Je3C ↪→ J3C for a unique multidegree e3 of total degree 3. Iterating, for
every d ≥ 2, we get a map
αdf : Cd
αd−1f ×α1f−→ Jd−1f ×B J1f
θ
ed−1
f−→ Jdf
and a unique multidegree ed of total degree d such that α
d
f |Cd factors through the immersion JedC ↪→ JdC .
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Definition 3.2. We call αdf the d-th Abel maps of the family f , for every d ≥ 1.
Notice that the definition of αdf only depends on the choice of a principal component of C; hence, from Lemma 2.2, it is
canonical if and only if [C] /∈ ∆g/2. If [C] ∈ ∆g/2, then Lemma 2.2 implies that we get two d-th Abel maps. We will discuss
the details of the special case in Section 3.2.
If f : C → B is a smoothing of a curve of compact type and D is a divisor of C, then we set OC (D) := OC(D) ⊗ OC . Of
course, with C being of compact type, the line bundle OC (D) does not depend on the choice of f . Indeed, by [4, Corollary
3.10], the line bundle OC (D) is independent of the smoothing if and only if D is a sum of tails.
Lemma 3.3. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g. Let X be an irreducible component of C.
Let M be a X-quasistable line bundle on C of multidegree d. If M ′ is a line bundle having degree 1 on X and degree 0 on the other
components of C, then the line bundle
M ⊗M ′ ⊗ OC
−∑
Z∈Td(X)
Z

is X-quasistable.
Proof. Let d′ be the multidegree ofM ⊗M ′ and d′′ the multidegree of
M ⊗M ′ ⊗ OC
−∑
Z∈Td(X)
Z
 .
Let d, d′ and d′′ be respectively the total degrees of d, d′ and d′′.
First step. Let Z be a tail of C not containing X . We claim that Z is d-big if and only if
d′Z − d′
deg(ωC |Z )
2g − 2 < −
1
2
. (11)
Indeed, using d′Z = dZ , d′ = d+ 1 and deg(ωC |Z ) = 2gZ − 1, we see that (11) is equivalent to
dZ · deg(ωC )− d · deg(ωC |Z ) < 2gZ − g.
Second step. We claim that d′′ is semistable at any connected subcurve Y ( C such that X ⊆ Y . Indeed, let Z0 be any
connected component of Y ′. Then Z0 does not containX . Furthermore, Z0 is a tail, because Y is connected. Since d is semistable
at Z0 and d′ = d+ 1 and d′Z0 = dZ0 , we have
−3
2
= −kZ0
2
− 1 ≤ d′Z0 − d′
deg(ωC |Z0)
2g − 2 ≤
kZ0
2
= 1
2
.
Thus, using (11), if Z0 ∈ Td(X), we have
−3
2
≤ d′Z0 − d′
deg(ωC |Z0)
2g − 2 < −
1
2
, (12)
while if Z0 /∈ Td(X), we have
−1
2
≤ d′Z0 − d′
deg(ωC |Z0)
2g − 2 ≤
1
2
. (13)
Notice that in general Z ′0 /∈ Td(X), because X ⊆ Z ′0.
Suppose that Z0 ∈ Td(X). In this case, since Z ′0 /∈ Td(X), we have d′′Z0 = d′Z0 + kZ0 = d′Z0 + 1. Hence, by (12) and d′′ = d′,
−1
2
≤ d′′Z0 − d′′
deg(ωC |Z0)
2g − 2 <
1
2
(14)
and d′′ is semistable at Z0.
Suppose that Z0 /∈ Td(X). In this case, we claim that d′′Z0 = d′Z0 . Indeed, define
T 1d (X) := {Z ∈ Td(X) : Z0 ⊆ Z, Z 6= Z0}
T 2d (X) := {Z ∈ Td(X) : Z ⊆ Z0, Z 6= Z0}.
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To prove the claim, it is enough to show
OC
−∑
Z∈Td(X)
Z
⊗ OZ0 ' OZ0
−∑
Z∈T 2d (X)
Z
 , (15)
because the line bundle at the right-hand side of (15) has degree zero. We show (15). Since neither Z0 nor Z ′0 is contained in
Td(X), we have
Td(X) = T 1d (X) ∪ T 2d (X) ∪ {Z ∈ Td(X) : Z ⊆ Z ′0, Z 6= Z ′0}
and hence
OC
−∑
Z∈Td(X)
Z
⊗ OZ0 = OC
−∑
Z∈T 1d (X)
Z

∣∣∣∣∣∣∣
Z0
⊗ OC
−∑
Z∈T 2d (X)
Z

∣∣∣∣∣∣∣
Z0
.
Therefore, we only need
OC
−∑
Z∈T 1d (X)
Z

∣∣∣∣∣∣∣
Z0
' OZ0 . (16)
To prove (16), letW be the irreducible component of Z ′0 intersecting Z0 and set {q} := W∩Z0. Notice that, for each Z ∈ T 1d (X),
there exists a unique subcurveWZ such thatWZ ⊆ Z ′0 and Z = Z0 ∪WZ . Notice thatW ⊆ WZ andWZ ∩ Z0 = {q}. Ifm is the
cardinality of T 1d (X), then
OC
−∑
Z∈T 1d (X)
Z

∣∣∣∣∣∣∣
Z0
= OC
−∑
Z∈T 1d (X)
(Z0 ∪WZ )

∣∣∣∣∣∣∣
Z0
= OC
−∑
Z∈T 1d (X)
Z0

∣∣∣∣∣∣∣
Z0
⊗ OC
−∑
Z∈T 1d (X)
WZ

∣∣∣∣∣∣∣
Z0
= OC (−m · Z0)|Z0 ⊗ OC (−m ·W )|Z0
' OZ0(m · q)⊗ OZ0(−m · q) ' OZ0 .
In this way (16) and the claim follow. Since d′′Z0 = d′Z0 , by (13), we have that d′′ is semistable at Z0. In particular, d′′ is
semistable at Y ′; hence it is semistable at Y .
Third step. We show that d′′ is semistable at any non-empty connected subcurve Y ( C not containing X . Indeed, if d′′ is
not semistable at any such Y , then it is not semistable at Y ′. Write Y ′ = Y1 ∪ Y2, where Y1 is connected, Y1 ∩ Y2 = ∅ and
X ⊆ Y1. By the second step, d′′ is semistable at Y1. Then Y2 6= ∅, because otherwise we would have Y ′ = Y1 and d′′ would be
semistable at Y ′. Notice that Y ′2 = Y ∪ Y1; hence Y ′2 is connected and X ⊂ Y ′2. Again, by the third step, d′′ is semistable at Y ′2.
If d′′ is semistable at Y2, then d′′ is semistable at Y1 ∪ Y2 = Y ′, because Y1 ∩ Y2 = ∅, which is a contradiction. Thus, d′′ is
not semistable at Y2; hence it is not semistable at Y ′2, which is again a contradiction.
Fourth step. We show that d′′ is X-quasistable. By the third and fourth steps, d′′ is semistable at any non-empty connected
subcurve Y ( C; hence d′′ is semistable. Thus we are done if we show that d′′ is X-quasistable at any non-empty subcurve
Y ( C such that X ⊆ Y . Let Y be any such subcurve. We can assume without loss of generality that Y is connected. We
distinguish two cases. If there exists a connected component Z of Y ′ such that Z ∈ Td(X), then from (13) and (14) we have
d′′Y ′ − d′′
deg(ωC |Y ′)
2g − 2 <
kY
2
.
Using that d′′Y ′ = d′′ − d′′Y and deg(ωC |Y ′) = deg(ωC )− deg(ωC |Y ), we see that d′′ is X-quasistable at Y .
If Z /∈ Td(X), for each connected component Z of Y ′, then d′′Y = d′Y . Then, since d is X-quasistable at Y and using that
dY = d′Y − 1 and d = d′ − 1, we have
d′Y − d′
deg(ωC |Y )
2g − 2 > −
kY
2
.
Since d′′ = d′ and d′′Y = d′Y , we see that d′′ is X-quasistable at Y . 
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Theorem 3.4. Fix integers g ≥ 2 and d ≥ 1. Let f : C → B be a smoothing of a stable curve C of compact type of genus g and
Xpr be a principal component of C. Let αdf |Cd : Cd → JedC be the restriction of the d-th Abel map of f to the special fiber. Then the
following properties hold:
(i) ed is a X
pr -quasistable multidegree;
(ii)αdf |Cd does not depend on the choice of f and factors via a morphism βdC : Sd(C)→ JedC .
Proof. Since C is a proper scheme, then JdC is a scheme and there exists a universal degree-d line bundleLd over J
d
C × C (see
Section 2.1). Call
φd : JdC × C → JdC
the projection. We show (i) and that αdf |Cd does not depend on the choice of f , arguing by induction on d. If d = 1, then we
are done by Proposition 2.4. Consider
αd+1f |Cd+1 : Cd+1
αdf |Cd×α1f |C−→ JedC × J1,X
pr
C
θ
ed
f−→ Jed+1C ↪→ Jd+1C .
The morphisms αdf |Cd and θ edf do not depend on the choice of f , respectively by induction and by [4, Corollary 3.10] . Thus
αd+1f |Cd+1 does not depend on the choice of f either. Take a point p in the image of αd+1f |Cd+1 . Let Lp be the restriction ofLd+1
to the fiber Cp = φ−1d+1(p). By construction, we have
Lp = Mp ⊗M ′p ⊗M ′′p ,
where [Mp] ∈ JedC and [M ′p] ∈ J1,X
pr
C , and by (10),
M ′′p ' OC
 −∑
Z∈Ted (Xpr )
Z
∣∣∣∣∣∣
C
.
By induction, ed is X
pr -quasistable. Hence, by Lemma 3.3, Lp is a Xpr -quasistable line bundle and ed+1 is a Xpr -quasistable
multidegree.
To complete the proof, we show that αdf |Cd is invariant under the action of the d-th symmetric group on Cd. Indeed, for
every d ≥ 1, pick the following line bundle of J1C × C:
Pd :=
⊗
1≤i≤d−1
OJ1C×C
 −∑
Z∈Tei (Xpr )
J1C × Z
 .
For every i ≥ 1, consider the projection
qi : J1,XprC × · · · × J1,X
pr
C × C → J1,X
pr
C × C
onto the product of the i-th factor and C . Then αdf |Cd factors as
αdf |Cd : Cd
α1f |C×···×α1f |C−→ J1,XprC × · · · × J1,X
pr
C
ρd−→ JedC ,
where ρd is the morphism induced by q∗1L1⊗ · · · ⊗ q∗dL1⊗ q∗dPd. We see that αdf |Cd is invariant under the action of the d-th
symmetric group on Cd. 
Definition 3.5. Keep the notations of Theorem 3.4. We set αdC := αdf |Cd . We call αdC the d-th Abel map of C , and βdC the
symmetric d-th Abel map of C .
Example 3.6. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g with two components C1 and C2 such
that gC1 ≥ gC2 . LetXpr be a principal component of C and n be the node of C . Set {n1} := C1∩C2 ⊆ C1 and {n2} := C1∩C2 ⊆ C2.
We may assume without loss of generality that Xpr = C1. Then e1 = (1, 0) and
β1C (n)⊗ OC1 ' OC1(n1) and β1C (n)⊗ OC2 ' OC2 .
It is easy to see that
Te1(X
pr) =
{{C2} if 4gC2 > g + 1∅ if 4gC2 ≤ g + 1
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and hence
β2C (n, n)⊗ OC1 '
{
OC1(n1) if 4gC2 > g + 1
OC1(2n1) if 4gC2 ≤ g + 1
β2C (n, n)⊗ OC2 '
{
OC2(n2) if 4gC2 > g + 1
OC2 if 4gC2 ≤ g + 1.
Thus e2 = (1, 1) if 4gC2 > g + 1 and e2 = (2, 0) if 4gC2 ≤ g + 1.
In Proposition 3.7, we will give a characterization of hyperelliptic curves of compact type with two components, via the
symmetric second Abel map. Recall that a stable curve C of genus g ≥ 2 is hyperelliptic if the closure of the locus in Mg of
hyperelliptic smooth curves of genus g contains [C].
Proposition 3.7. Fix an integer g ≥ 2. Let C be a stable curve of compact type of genus g with two components. Then C is
hyperelliptic if and only if there exists a fiber of the symmetric second Abel map β2C of C consisting of two smooth rational curves
intersecting in one point.
Proof. Let C1 and C2 be the components of C . Let n be the node of C , and set {n1} := C1∩C2 ∈ C1 and {n2} := C2∩C2 ∈ C2.We
may assume without loss of generality that C1 is a principal component of C . As explained in [10, Page 185], an application
of the theory of admissible covers shows that C is hyperelliptic if and only if Ci is hyperelliptic and |2ni| is the g12 of Ci, for
i = 1, 2. By construction, for every pi ∈ Ci, and i, j ∈ {1, 2},
β1C (pi)⊗ OCj '
{
OCj(pi − (i− 1)nj) i = j
OCj((i− 1)nj) i 6= j.
Assume that e2 = (1, 1). The case e2 = (2, 0) is completely analogous. By the definition of the symmetric second Abel map
we have, for every i, j, k ∈ {1, 2} and pi ∈ Ci, qj ∈ Cj,
β2C (pi, qj)|Ck '

OCk(pk + qk − nk) if i = j = k
OCk(nk) if i = j 6= k
OCk(pk) if k = i 6= j
OCk(qk) if i 6= j = k.
Thus β2C (p, q) = β2C (p′, q′) for (p, q) 6= (p′, q′) if and only if at least one of the following cases holds:
(a) p, q, p′, q′ ∈ C1 with |p+ q| = |p′ + q′|; in particular, C1 is hyperelliptic;
(b) p, q, p′, q′ ∈ C2 with |p+ q| = |p′ + q′|; in particular, C2 is hyperelliptic;
(c) p, q ∈ C1 and p′, q′ ∈ C2 with |p+ q| = |2n1| and |p′ + q′| = |2n2|; in particular, C1, C2 are hyperelliptic and |2n1|, |2n2|
are the g12 ’s.
Define Fp,q := (β2C )−1(β2C (p, q)). Notice that the dimension of Fp,q is at most 1. If the dimension of Fp,q is 1, then (a) and
(b) imply that Fp,q has at most two components E1 and E2, given by
Ei = {(p, q) ∈ S2(Ci) : |p+ q| is the g12 of Ci} ' P1, for i = 1, 2. (17)
Assume that C is not hyperelliptic, and that Fp,q is a curve with two components, as in (17). Notice that (c) does not hold,
because C is not hyperelliptic. Then E1 ⊆ S2(C1)− (n, n) and E2 ⊆ S2(C2)− (n, n), and hence E1 ∩ E2 = ∅.
Conversely, if C is hyperelliptic, then (a), (b) and (c) hold. In particular, Fn,n = E1 ∪ E2, where E1, E2 are as in (17) and
E1 ∩ E2 = (n, n). 
Remark 3.8. Let C be a smooth hyperelliptic curve and f : C → P1 the double cover of P1 associated to C . The target of the
map f is the unique one-dimensional fiber of the symmetric second Abel map β2C of C . Let us degenerate C to a hyperelliptic
curve C0 with two components and assume that f degenerates to an admissible cover f0. In particular, f0 is a surjective map
f0 : C0 → P1 ∪ P1, whose restriction to each component of C0 is a double cover of P1. For more details about admissible
covers, we refer the reader to [10, Chapter 3-Section G]. We believe that, as in the smooth case, the target of f0 is the one-
dimensional fiber of the symmetric second Abelmap β2C0 of C0, appearing in Proposition 3.7. In this way, it should be possible
to establish a relationship among the fibers of the symmetric Abel map, admissible covers and, using [9, Proposition 5.1]
and [12, Section 6], limit linear series in the sense of Eisenbud–Harris and Osserman.
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3.2. Abel maps with other targets
Fix an integer g ≥ 3. Let Mg be the moduli space of Deligne–Mumford stable curves and let M0g be the locus of
Mg parameterizing curves with trivial automorphism group. Let u : U → M0g be the universal family and Jdu be the
relative Jacobian of u. A geometrically meaningful compactification Pd,g of Jdu overMg is constructed in [3] using Geometric
Invariant Theory (GIT), by putting on the boundary invertible sheaves on nodal curves, known as quasistable curves. This
compactification is isomorphic to the compactification produced in [14], where the boundary points represent torsion-free,
rank-1 sheaves.
Let us recall some properties of Pd,g . Assume that d ≥ 20(g − 1). As stated in [3, Page 592], there exists an open subset
Hd of a suitable Hilbert scheme acted upon by an algebraic group G and a chain of morphisms
Hd
pid−→ Pd,g := Hd/G φd−→ Mg ,
where pid is a GIT-quotient morphism and φd is surjective and projective. The quotient Pd,g is an integral and projective
scheme.
A curve X is called quasistable if X is obtained by blowing up a stable curve C . Recall that, for every integer d, we say that
a degree-d line bundle L of a quasistable curve X is semistable if the multidegree of L satisfies the numerical condition (5).
Consider the contravariant functor Pd,g from the category of schemes to sets, defined on a scheme T as the set Pd,g(T ) of
equivalence classes of pairs (f : X→ T ,L), where f : X→ T is a family of quasistable curves andL is a line bundle onX/T ,
relative very ample, and restricting to a degree-d semistable line bundle on each fiber of f . Here, two pairs (f : X→ T ,L)
and (f ′ : X′ → T ,L′) are equivalent if there exists a T -isomorphism g : X → X′ such that g∗(L′) ' L ⊗ f ∗M , for some
line bundleM on T . By [3, Proposition 8.1], there exists a morphism of functors
Pd,g −→ Hom(−, Pd,g), (18)
and Pd,g coarsely represents Pd,g if and only if (d− g + 1, 2g − 2) = 1.
Now, let f : C → B be a family of stable curves and B → Mg be its modular morphism. Define Pdf as the fiber product
Pdf := Pd,g ×Mg B. For every stable curve C with structure morphism fC : C → Spec (k), define PdC := PdfC .
By [3, Lemma 8.1], for each positive integer r , Pd,g and Pd+r(2g−2),g are isomorphic via themorphism sending a semistable
line bundle L on a quasistable curve X to L⊗ ω⊗rX . Indeed, L is semistable if and only if L⊗ ω⊗rX is semistable. For a fixed d,
we may find an integer r such that L⊗ω⊗rX is very ample for every degree-d semistable line bundle L; hence it is possible to
assume that Pd,g exists for every integer d.
If C is a stable curve, then Jd,ssC is a fine moduli space, as pointed out in Section 2.1. In particular, there exists a universal
semistable line bundle Ld over the family p : Jd,ssC × C → Jd,ssC , where p denotes the first projection. Notice that the pair
(p : Jd,ssC × C → Jd,ssC ,Ld) is an element of the set Pd,g(Jd,ssC ). Therefore, using the morphism of functors (18), the given data
give rise to a morphism
ψd : Jd,ssC −→ Pd,g
factoring through the immersion PdC ↪→ Pd,g . A fiber ofψd over a point of PdC parameterizes the set of line bundles contained
in a Jordan–Hölder equivalence class of rank-1 torsion-free semistable sheaves. We will refer to [8, Section 8] for more
details.
Let C be a genus g stable curve of compact type and αdC be its d-th Abel map. The morphism ψd ◦ αdC can be viewed as
another Abel map with target PdC . Some natural questions arise:
(Q1) Do αdC and ψd ◦ αdC have the same set-theoretic fibers?
(Q2) If [C] ∈ ∆g/2, and αd1 and αd2 are the two Abel maps of C whose target is Jd,ssC , do ψd ◦ αd1 and ψd ◦ αd2 have the same
set-theoretic fibers?
We will answer positively to these questions posed.
Proposition 3.9. Fix an integer g ≥ 3. Let C be a curve of compact type of genus g. For every integer d ≥ 1, consider the d-th
Abel map αdC : Cd → Jd,ssC of C and the morphism ψd : Jd,ssC → PdC . Then αdC and ψd ◦ αdC have the same set-theoretic fibers.
Proof. We will show that ψd is injective over J
d
C , for every semistable multidegree d of total degree d. Suppose that L and
M are line bundles of C with multidegree d and such that ψd([L]) = ψd([M]). Then, from [5, Theorem 5.1.6] there exists a
curveW obtained by blowing up C and a smoothingW → B ofW such that, if we denote by pi : W → C the morphism of
blow up and by Y1, . . . , Yγ the irreducible components ofW , then
pi∗L⊗ pi∗M−1 ' OW
(
γ∑
i=1
aYi · Yi
)
|W , for some (aY1 , . . . , aYγ ) ∈ Zγ .
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Since M and L have the same multidegree, it follows that aYi = 0 for each i = 1, . . . , γ . In particular L|X ' M|X for each
component X of C . Since C is of compact type, from (3) we have that L ' M , and we are done. 
Remark 3.10. It follows from [6] and [7] that one can answer positively to the analogous of question (Q1) for the first Abel
map of a stable curve. Nevertheless, we believe that this phenomenon does not take place for higher Abel maps of stable
curves not of compact type, as the following example hints.
Fix a integer g ≥ 2. Let C be a stable curve of genus g with components X1, . . . , Xγ . Fix an integer d ≥ 2. Let C˙d ⊂ Cd be
the subset of the d-tuples of smooth points of C . For every semistable multidegree d of total degree d, consider the following
subset of Cd:
C˙d := {(p1, . . . , pd) ∈ C˙d : #(Xi ∩ {p1, . . . , pd}) = dXi , for i = 1, . . . , γ }.
There exists a natural Abel map defined on C˙d. In fact, consider the line bundle I := OC˙d×C (
∑d
r=1∆r) on C˙d × C , where
∆r := {(p1, . . . , pd, p) ∈ C˙d × C : pr = p}, for r = 1, . . . , d.
Pick the trivial family of curves pi : C˙d × C → C˙d, where pi is the projection. Then I yields a family of semistable line
bundles of C over the base C˙d. As explained in Section 2.1, the scheme Jd,ssC is a fine moduli scheme. Then we get a morphism
α
d
C : C˙d → Jd,ssC such that
α
d
C (p1, . . . , pd) = OC
(
d∑
i=1
pi
)
.
Suppose now that C is a binary curve of genus g ≥ 3, i.e. a stable curvewith two smooth rational components intersecting
at g + 1 nodes. Let X1 and X2 be the components of C and let q1, . . . , qg+1 be the nodes of C . Consider the following subset
of Jg+1C :
F :=
{
L ∈ Jg+1C : L|X1 ' OX1
(
g+1∑
i=1
qi
)
; L|X2 ' OX2
}
/ iso.
As a set, F = (k∗)g . It is easy to check that, if L ∈ F , then L is a semistable line bundle. For each L ∈ F , we have
h0(C, L) = 2+ h0(C, ωC ⊗ L−1), by Riemann–Roch, and
H0(C, ωC ⊗ L−1) ⊆ H0(C, ωC |X1 ⊗ L−1|X1)⊕ H0(C, ωC |X2 ⊗ L−1|X2)
' H0(P1,OP1(−3− g))⊕ H0(P1,OP1(−2)) = 0.
Hence h0(C, L) = 2. Since L|X2 ' OX2 , we have that, if s(qi) = 0 for some s ∈ H0(C, L) and i = 1, . . . , g + 1, then s|X2 = 0.
Hence, for every i = 1, . . . , g + 1,
H0(C, L(−qi)) ' H0
(
C, L
(
−
g+1∑
i=1
qi
))
' H0
(
X1, L|X1
(
−
g+1∑
i=1
qi
))
' k.
Hence we have H0(C, L) ' sL · k⊕H0(C, L(−∑g+1i=1 qi), where sL is a section such that sL(qi) 6= 0, for each i = 1, . . . , g + 1.
Consider the set
Fˆ := {(p1, . . . , pg+1) : div(sL) = p1 + · · · pg+1 , for some L ∈ F } ⊆ C˙ (g+1,0).
In particular, we have a bijection
α
(g+1,0)
C |Fˆ : Fˆ 1:1−→ F . (19)
Consider now the morphism ψg+1 : Jg+1,ssC → Pg+1C . We claim that ψg+1 contracts F to a point. Indeed, recall the
definition (4) of canonical polarization Eg+1. Then
(a) if we denote dL := (g + 1, 0), the multidegree of L, for each L ∈ F , then
χ(L|X2 ⊗ Eg+1|X2) = (dL)X2 −
g + 1
2g − 2 · deg(ωC |X2)+
kX2
2
= 0
and in particular L is not X2-quasistable;
(b) by construction, we have L|X2 ' L′|X2 ' OX2 and ker(L→ L|X2) ' ker(L′ → L′|X2) ' OX1 , for each L, L′ ∈ F .
Following [8, Section 1.3], the properties (a) and (b) imply that L and L′ are Jordan–Hölder equivalent, for each L, L′ ∈ F . In
particular, by [8, Section 8], themorphismψg+1 contractsF to a point. Hence, recalling the bijection (19), we get a sequence
of morphisms
ψg+1 ◦ α(g+1,0)C |Fˆ : Fˆ 1:1−→ F
ψg+1−→ {pt},
showing that the fibers of α(g+1,0)C and ψg+1 ◦ α(g+1,0)C are different.
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Proposition 3.11. Fix an even integer g ≥ 3. Let C be a curve of compact type of genus g such that [C] ∈ ∆g/2. Let X1 and
X2 be the semicentral components of C. For each integer d ≥ 1, let αd1 (respectively αd2) be the Abel map of C, once we choose
X1 (respectively X2) to be a principal component of C. If Y is the tail of X ′1 such that gY = g/2, then there exists an integer
ηd ∈ {−1, 0, 1} such that
αd1(p) ' αd2(p)⊗ OC (ηd · Y ) for each p ∈ Cd. (20)
In particular, if we consider the morphism ψd : Jd,ssC → PdC , then ψd ◦ αd1 and ψd ◦ αd2 have the same set-theoretic fibers.
Proof. Recall that X1 ∩ X2 6= ∅, from Lemma 2.2 (iii). Let {e1,1, . . . , e1,d, . . . } (respectively {e2,1, . . . , e2,d, . . . }) be the set
of multidegrees induced by the Abel maps α11, . . . , α
d
1 . . . (respectively α
1
2, . . . , α
d
2 . . . ). We show (20) by induction on d.
Indeed, it is true if d = 1 with η1 = 1, as explained in [7]. Fix an integer d ≥ 2. For each tail Z of C , and for i = 1, 2, set
i,d,Z :=
{
0 if Z /∈ Tei,d(Xi)
1 if Z ∈ Tei,d(Xi).
LetW be the tail of X ′2 such that gW = g/2. Recall that Y is the tail of X ′1 such that gY = g/2. For each p = (p1, . . . , pd, pd+1) ∈
Cd+1, set pˆ := (p1, . . . , pd) ∈ Cd. We have
α11(pd+1) ' α12(pd+1)⊗ OC (Y ),
and by induction
αd1(pˆ) ' αd2(pˆ)⊗ OC (ηd · Y ).
In particular (e1,d)Z = (e2,d)Z for each subcurve Z such that Z ⊆ (X1 ∪ X2)′. Then we have
αd+11 (p) ' αd1(pˆ)⊗ α11(pd+1)⊗ OC
− ∑
Z∈Te1,d (X1)
Z

' αd1(pˆ)⊗ α11(pd+1)⊗ OC
−1,d,Y · Y − ∑
Z∈Te1,d (X1∪X2)
Z

' αd2(pˆ)⊗ α12(pd+1)⊗ OC
(ηd + 1− 1,d,Y ) · Y − ∑
Z∈Te1,d (X1∪X2)
Z

' αd+12 (p)⊗ OC (2,d,W ·W + (ηd + 1− 1,d,Y ) · Y )
' αd+12 (p)⊗ OC (ηd+1 · Y ),
where
ηd+1 := ηd + 1− 2,d,W − 1,d,Y .
We show that |ηd+1| ≤ 1. Indeed, if |ηd+1| > 2, then |(e1,d+1)W − (e2,d+1)W | > 2. Since e1,d+1 is semistable atW , we have
−1
2
≤ (e1,d+1)W − d2g − 2 degωC |W ≤
1
2
,
implying that e2,d+1 is not semistable atW , which is a contradiction.
To show the last statement, we show that ψd(αd1(p)) = ψd(αd2(p)), for each p ∈ Cd. Let f : C → B be any smoothing of
C . Pick a line bundle I on C/B, such that I|C ' αd1(p). Consider I′ := I ⊗ OC(ηd · Y ). Since C is of compact type, we have
I′|C ' αd2(p). The pairs (f : C → B, I) and (f : C → B, I′) are elements of the set Pd,g(B). From the morphism of functors
(18), we get morphisms
ψI : B→ Pd,g and ψI′ : B→ Pd,g
such that ψI(b) = I|Cb and ψI′(b) = I′|Cb for each b ∈ B. In particular, ψI(b) = ψI′(b) for each b 6= 0, and
ψI(0) = ψd(αd1(p)) and ψI′(0) = ψd(αd2(p)). Since Pd,g is a separated scheme, we get ψd(αd1(p)) = ψd(αd2(p)). 
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